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We propose a new approach to find magnetically-dominated force-free magnetospheres around
highly spinning black holes, relevant for models of astrophysical jets. Employing the near-horizon
extreme Kerr (NHEK) limit of the Kerr black hole, any stationary, axisymmetric and regular force-
free magnetosphere reduces to the same attractor solution in the NHEK limit with null electromag-
netic field strength. We use this attractor solution as the universal starting point for perturbing
away from the NHEK region in the extreme Kerr spacetime. We demonstrate that by going to
second order in perturbation theory, it is possible to find magnetically dominated magnetospheres
around the extreme Kerr black hole. Furthermore, we consider the near-horizon near-extreme Kerr
(near-NHEK) limit that provides access to a different regime of highly spinning black holes. Also in
this case we find a novel force-free attractor, which can be used as the universal starting point for
a perturbative construction of force-free magnetospheres. Finally, we discuss the relation between
the NHEK and near-NHEK attractors.
Spinning black holes with a surrounding magneto-
sphere and accretion disc are believed to drive astrophysi-
cal jets. Theoretical arguments, as well as numerical sim-
ulations, suggest that one can model the magnetosphere
to a very good approximation using force-free electro-
dynamics (FFE) in which the plasma component has a
negligible contribution to the energy density. The equa-
tions for FFE are Maxwells equations supplemented with
the force-free (FF) conditions
D[µFνρ] = 0, DρF
ρν = jν , Fµνj
ν = 0 (1)
where Fµν is the electromagnetic field strength, j
µ is the
current and Dµ is the covariant derivative [1]. Even as-
suming a stationary and axisymmetric magnetosphere
that co-rotates with the black hole, the non-linear na-
ture of the FFE equations in a curved background makes
them difficult to solve. The only known class of exact
analytical solutions in the background of a spinning Kerr
black hole [2–4] has null field strength (F 2 = 0) and in-
stead one needs a magnetically dominated field strength
(F 2 > 0) for modelling astrophysical jets.
Blandford and Znajek initiated a perturbative con-
struction of solutions of the FFE equations (1) for slowly
spinning Kerr black holes [5]. However, the most interest-
ing regime to study magnetospheres is actually the one
with highly spinning Kerr black holes. In fact, several
black holes have been observed to be near-extreme [6–8]
and highly spinning black holes drive the most energetic
jets [9–12].
Theoretical results have exploited the near-horizon ex-
treme Kerr (NHEK) [13] and near-horizon near-extreme
Kerr (near-NHEK) [14] geometries describing, respec-
tively, the near-horizon region of an extreme and a nearly
extreme Kerr black hole. Recent works captured signa-
tures of these geometries in magnetospheres, accretion
discs and gravitational binary systems [15–21].
In this letter, we propose a new method to find FFE
solutions for magnetospheres around a near-extreme Kerr
black hole, which could be of astrophysical relevance. For
the NHEK limit, this works as follows. Starting with a
generic stationary, axisymmetric and regular FF magne-
tosphere around an extreme Kerr black hole, one finds
that in the NHEK limit it always approaches the same
attractor solution [22]. This attractor mechanism means
that one can use the attractor solution as a universal
starting point for perturbing away from the NHEK re-
gion in order to describe the FF magnetosphere in a
larger region of space-time. This is particularly rele-
vant as the NHEK attractor solution has a null electro-
magnetic field, but we show that it is possible to attain
a magnetically-dominant field strength by performing a
perturbation to second order away from the near-horizon
region. This shows that even if the attractor solution is
null, one can use it to construct magnetically dominated
magnetospheres.
For the near-NHEK limit, we show that there is an
attractor mechanism as well, similar to the one of the
NHEK limit. Indeed, we find that any stationary, ax-
isymmetric and regular FF magnetosphere approaches a
novel near-NHEK attractor solution. This attractor is
thus the universal starting point for perturbations away
from the near-NHEK region. We consider such pertur-
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2bations up to first order and discuss how the near-NHEK
and NHEK attractors are related.
THE NHEK ATTRACTOR
To exhibit the NHEK attractor, our starting point is
FFE (1) in the background of a Kerr black hole. The Kerr
metric in Boyer-Lindquist (BL) coordinates (t, φ, r, θ) is
ds2 = −
(
1− r0r
Σ
)
dt2 − 2r0r
Σ
a sin2 θdtdφ+
Σ
∆
dr2 + Σdθ2
+
(r2 + a2)2 − a2∆ sin2 θ
Σ
sin2 θdφ2, (2)
where M = r0/2 and J = aM are the mass and
angular momentum of the black hole. Furthermore,
Σ = r2 + a2 cos2 θ, ∆ = (r − r+)(r − r−), and r± =
r0/2±
√
r20/4− a2 with r+ the location of the event hori-
zon. The metric (2) has two commuting Killing vector
fields, ∂t and ∂φ, associated with stationarity and ax-
isymmetry, giving the isometry group R× U(1).
One can show that any stationary and axisymmetric
FF field strength around a Kerr black hole can be put in
the form [1]
F =
ΣI(ψ)
∆ sin θ
dr ∧ dθ + dψ ∧ (dφ− Ω(ψ)dt) (3)
where ψ(r, θ) is the magnetic flux through a circular loop
of radius r sin θ around the rotation axis, I(ψ) is the
poloidal current flowing through the loop and Ω(ψ) is
the angular velocity of the magnetic field lines. That I
and Ω depend only on ψ follows from (1) [5]. We demand
F to be regular at the event horizon r = r+, resulting in
the Znajek condition [23](
IΣ− sin θ(r2 + a2)
(
Ω− a
r0r+
)
∂θψ
)∣∣∣∣
r=r+
= 0. (4)
To derive the NHEK geometry, we zoom in close to
the horizon of an extreme (a = M) Kerr black hole by
introducing the scaling coordinates (T,R, θ,Φ) as
T = λ
t
r0
, R =
2r − r0
λr0
, Φ = φ− t
r0
. (5)
By taking the λ→ 0 limit while keeping the coordinates
T , R, θ and Φ fixed we get the NHEK metric [13]
ds2 =
r20
2
Γ(θ)
[
−R2dT 2+ dR
2
R2
+dθ2+Λ2(θ)
(
dΦ+RdT
)2]
(6)
where Γ(θ) = (1+cos2 θ)/2 and Λ(θ) = sin θ/Γ(θ). In the
NHEK spacetime the event horizon is located at R = 0
and the isometry group is enhanced to SO(2, 1)× U(1).
In the extreme case the Znajek condition (4) gives
I0 =
Λ
r0
(r0Ω0 − 1) (∂θψ)0 (7)
where I0, Ω0 and (∂θψ)0, refer to I, Ω and ∂θψ evalu-
ated at the event horizon. At this stage, Ω0 and ψ0 are
arbitrary functions though we assume (∂θψ)0 6= 0 [24].
Taking the NHEK limit λ→ 0 of the field strength (3)
by employing the scaling coordinates (5) and imposing
the Znajek condition (7), one finds the following station-
ary, axisymmetric FF solution in the NHEK geometry
F =
r0I0
Λ
d
(
T − 1
R
)
∧ dθ. (8)
This field strength is null, regular on the future event
horizon at T → ∞ and R → 0, and self-similar (F →
F/c) under the scalings T → T/c and R → cR. Since
one approaches the NHEK field (8) irrespective of what
solution (3) one starts with, we dub this the NHEK at-
tractor solution. The solution (8) was first found in [15];
later in [22] it was shown using scaling symmetry argu-
ments that the limiting NHEK field must be null and
self-similar, and hence equal to (8).
PERTURBING AWAY FROM ATTRACTOR
The attractor solution (8) is our starting point for a
perturbative construction of a FF magnetosphere in the
extreme Kerr background, since by including higher pow-
ers of λ one moves away from the NHEK region. To
this end one can write the λ expansion of extreme Kerr
metric as g =
∑∞
n=0 λ
ng(n) where g
(0)
µν is the NHEK
metric (6). The expansion of ψ is written as ψ(r, θ) =∑∞
n=0
1
n!
(
r0
2 λR
)n
(∂
(n)
r ψ)0. Here we adopt the notation
that ψn = ψn(θ) := (∂
(n)
r ψ)0 is the n-th radial derivative
of ψ evaluated at the horizon of the extreme Kerr space-
time. Similar expansions hold for I(ψ) and Ω(ψ). Using
these expansions in (3) one obtains
F =
∞∑
n=−1
λnF (n). (9)
We require the FFE equations to be satisfied at each
order in λ. After imposing the Znajek condition (7), the
leading-order term F (−1) is precisely the attractor (8).
The Lorentz invariant F 2 has the following expansion
F 2 =
∑∞
n=−2 λ
n(F 2)(n). While the leading contribution
at n = −2 is vanishing, the higher order contributions can
make F 2 > 0, thus allowing for a magnetically dominated
field strength, which is highly relevant for astrophysical
applications. Indeed, below we find an explicit example
of this by pushing perturbation theory to second order.
The 1st post-NHEK order is given by the field strength
F (0), written in terms of the field variables ψ1, Ω1, and
I1. The FFE equations (1) lead to Ω1 = (Ω
′
0/ψ
′
0)ψ1 and
I1 = (Λ/r0){∂θ[(r0Ω0 − 1)ψ1]− Λ2ΓΩ0 + 2/(r0Γ)}, with
ψ1 obeying
ψ′1 −
(
Λ′
Λ
+
ψ′′0
ψ′0
)
ψ1 − Λψ
′
0
r0
G′ = 0, (10)
3where the function G is defined by
G′ = ΛΓ
r0Ω0 − 1
(
r0Ω0 − 2
Λ2Γ2
)
. (11)
This allows one to write ψ1, Ω1, and I1 in terms of the
functions ψ0 and Ω0 as
ψ1 =
GΛ
r0
ψ′0, Ω1 =
GΛ
r0
Ω′0, I1 =
GΛ
r0
I ′0. (12)
We remark that the Lorentz invariant F 2 at this order,
(F 2)(−1), vanishes.
A special case of the 1st post-NHEK perturbation oc-
curs when G = 0 which implies r0Ω0 = 2/(Λ2Γ2) =
2/ sin2 θ. This choice corresponds to the field an-
gular velocity of the Menon-Dermer (MD) class of
stationary and axisymmetric solutions with null field
strength [2, 3]. The MD class consists of field vari-
ables (ψMD(θ), IMD(θ),ΩMD(θ)) depending on θ only; in
our perturbation scheme, such class of solutions can be
obtained by demanding that all the higher-order terms
(ψn,Ωn, In)n≥1 vanish. It is easy to show that the
MD field strength, given by Eq. (3) with field vari-
ables (ψMD(θ), IMD(θ),ΩMD(θ)), approaches the NHEK
attractor (8) in the NHEK limit.
Proceeding analogously at the next order F (1), we can
express ψ2, Ω2 and I2 in terms of ψ0 and Ω0 by solving
the equations of motion. From (1) we get
Ω2 =
[
ψ2
ψ′0
+
G2Λ2
r20
(
Ω′′0
Ω′0
− ψ
′′
0
ψ′0
)]
Ω′0, (13a)
I2 =
[
ψ2
ψ′0
+
G2Λ2
r20
(
I ′′0
I ′0
− ψ
′′
0
ψ′0
)]
I ′0, (13b)
and a second-order non-homogeneus linear differential
equation for ψ2
ψ′′2 + a(θ)ψ
′
2 + b(θ)ψ2 + c(θ) = 0. (14)
The coefficients in (14) can be written in terms of the
arbitrary NHEK functions ψ0 and Ω0 [25] but their ex-
pressions are quite involved and therefore we do not
report them explicitly here. Nonetheless, it is possi-
ble to find an analytic exact solution of equation (14)
by taking advantage of the arbitrariness of ψ0 and Ω0.
With the ansatz ψ0 = k0
∫
(1 − r0Ω0)−1Λ−3/2dθ, one
has that b(θ) = 1/4(a2(θ) + 2a′(θ) + 8). With this,
the most general solution of (14) is given by ψ2 =
(1− r0Ω0)−1 Λ−1/2
(
ψh2 + ψ
nh
2
)
where the homogeneous
and non-homogeneous parts are, respectively,
ψh2 (θ) = c1 cos
√
2θ + c2 sin
√
2θ, c1, c2 ∈ R, (15a)
ψnh2 (θ) = cos
√
2θ
∫
c(θ) (1− r0Ω0) Λ1/2 sin
√
2θ√
2
dθ
− sin
√
2θ
∫
c(θ) (1− r0Ω0) Λ1/2 cos
√
2θ√
2
dθ. (15b)
Our ansatz leaves the field angular velocity Ω0 arbitrary:
one can either choose Ω0 equal to ΩMD ≡ 2/(r0 sin2 θ)
and, starting from that, construct radial corrections to
the MD class, or one can choose a different function and
construct novel perturbative solutions. As an educated
guess we introduce the following class of field angular
velocities parametrized by β 6= 0
r0Ω0 = 1 +
β
2
(
1− 2
Γ2Λ2
)
, β ∈ R 6=0, (16)
from which it turns out that
G(θ) = g −
(
1 +
2
β
)
cos(θ), (17)
where g is an integration constant. We can then compute
the NHEK, 1st and 2nd post-NHEK orders for arbitrary
β and g [25].
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FIG. 1. (F 2)(0) with r0 = 1, k0 = 2, β = −2, c1 = −g(4−5g),
and c2 = 0. The middle strip, defined by −0.67 / g < 0, is
the range of values for which (F 2)(0) is positive, i.e., the field
strength is a magnetically-dominated solution to FFE.
In order to show that there exists a class of
magnetically-dominated magnetospheres, we now turn
our attention to the Lorentz invariant F 2. We have
already mentioned that the contributions to F 2 of the
NHEK and 1st post-NHEK orders are vanishing, whereas
at the 2nd post-NHEK order it is possible to have F 2 > 0.
The 2nd post-NHEK expression (F 2)(0) is a function of θ
and it depends on the parameters β, g and the coefficients
c1 and c2 in (15a). We fix the coefficients c1 = c1(β, g)
and c2 = 0 by requiring regularity of F
2 at the rota-
tion axis. For concreteness, let us set β = −2 equivalent
to Ω0 = ΩMD. The simplest choice g = 0 implies that
4(F 2)(0) = 0 and the 1st and 2nd post-NHEK field vari-
ables vanish, meaning that we reproduce solutions in the
MD class up to higher orders. For g 6= 0, correspond-
ing to solutions not in the MD class, (F 2)(0) is plotted
in Fig. 1. The middle strip, defined by −0.67 / g < 0,
is the range where (F 2)(0) is positive and therefore the
field strength is magnetically-dominated. We have then
shown that it is possible, by taking into account post-
NHEK corrections to the NHEK attractor, to construct
magnetically-dominated solutions in the extreme Kerr
background.
THE NEAR-NHEK ATTRACTOR
We now examine the near-NHEK limit of the general
stationary and axisymmetric FF field strength (3) obey-
ing the regularity condition (4). The near-NHEK limit
of the Kerr metric zooms into the geometry close to the
Kerr black hole event horizon r = r+ while at the same
time probing nearly extreme spin. One can perform the
near-NHEK limit by introducing
a =
r0
2
√
1− σ2λ2,
T˜ = λ
t
r0
, R˜ = 2
r − r+
λr0
, Φ˜ = φ− t
r0
,
(18)
Here σ parametrizes the deviation from extremality. In
the scaling limit λ → 0, performed while holding T˜ , R˜
and σ fixed, the radial coordinate approaches the horizon,
while the spin parameter tends to its extreme value. The
result is the near-NHEK geometry [14, 26]
ds˜2 =
r20
2
Γ
[
− R˜(R˜+ 2σ)dT˜ 2 + dR˜
2
R˜(R˜+ 2σ)
+ dθ2 + Λ2
(
dΦ˜ + (R˜+ σ)dT˜
)2]
. (19)
The event horizon is now located at R˜ = 0. The near-
NHEK and NHEK geometries have the same isometries.
In the case σ 6= 0 the coordinate choice (18) is not unique
and the scaling limit λ→ 0 is not just a coordinate limit
since it involves an expansion around extremality. For
this reason the near-NHEK geometry is relevant only for
near-extreme Kerr black holes.
Expanding the Kerr field strength (3) in powers of λ as
in (9) using (18) and imposing regularity of the field at
the future event horizon, the leading order contribution
F˜ (−1) reads
F˜ (−1) =
r0I0
Λ
d
[
T˜ − 1
2σ
log
(
1− 2σ
R˜
)]
∧ dθ. (20)
This is the near-NHEK attractor solution. It satisfies
FFE equations (1), it is null (F˜ (−1))2 = 0 and reg-
ular at the future event horizon. It is moreover sta-
tionary, axisymmetric and self-similar under the scalings
T˜ → T˜ /c, R˜→ cR˜ and σ → cσ. We have thus shown that
any axisymmetric, stationary and regular magnetosphere
around the Kerr black hole asymptotes to the attractor
solution (20) in the near-NHEK limit. The attractor so-
lution (20) represents a universal feature of such magne-
tospheres. It is the starting point for any perturbative
approach to the magnetosphere of a highly spinning Kerr
black hole around the event horizon. It is important to
remark that the near-NHEK attractor (20) is robust to-
wards the finer details of how one defines the near-NHEK
limit through the scaling coordinates (18). Moreover, it
can be easily checked that the first order corrections in λ
to the field variables, (ψ1,Ω1, I1), around the near-NHEK
attractor, have exactly the same structure as in (12) for
the NHEK case, whereas the second order λ corrections
are left for future work.
It is interesting to compare the NHEK and near-NHEK
attractor solutions. There exist three ways to get the
NHEK metric (6) from the near-NHEK one (19): I. by
setting σ = 0 in (19), which, according to (18), consists
in reaching extremality ; II. by considering R σ, mean-
ing that near-NHEK is asymptotically NHEK. One can
then regard the spacetime of a near-extreme black hole
as composed of three different patches: Kerr, NHEK and
near-NHEK [27]; III. by means of the following local dif-
feomorphism from near-NHEK coordinates (T˜ , R˜, θ, Φ˜)
to NHEK coordinates (T,R, θ,Φ) [21]
T˜ = − 1
2σ
log
(
T 2 − 1
R2
)
, R˜ = −σ
(
T +
1
R
)
R,
Φ˜ = Φ +
1
2
log
(
T + 1/R
T − 1/R
)
.
(21)
We observe that: I. by reaching extremality the near-
NHEK attractor smoothly reduces to the NHEK attrac-
tor, F˜ (−1) = F (−1) +O(σ); II. when R  σ the asymp-
totic tensorial structure is the same of the NHEK attrac-
tor, F˜ (−1) ∼ (r0I0/Λ)d(T˜ − R˜−1) ∧ dθ; III. by using the
coordinate transformation (21), one has
F˜ (−1) = − 1
σ
(
T − 1
R
)−1
F (−1). (22)
Therefore the attractor F˜ (−1), which is stationary and
axisymmetric in the near-NHEK geometry, also exists
as a non-stationary field in the NHEK background and
viceversa. Eq. (22) also implies that F˜ (−1) and F (−1) can
be superposed to generate a new FF solution.
OUTLOOK
We have shown that there are two null attractor solu-
tions in the NHEK and near-NHEK geometries and that
they are the starting point for a perturbative expansion
5that moves towards a Kerr magnetosphere. This proce-
dure allows us to obtain magnetically dominated solu-
tions at the second order in the perturbative expansion.
An interesting future direction to consider is the be-
havior of our magnetosphere solutions near the rotation
axis [28]. The analytic solutions we have found, including
the solutions in the MD class, have a diverging angular
velocity Ω on the rotation axis. Note also that while it
can be shown that our perturbative solutions do extract
finite angular momentum, the energy extraction near the
axis diverges [25]. The singular behaviour near the rota-
tion axis is due to the specific ansatz we used to solve ana-
lytically equation (14). However, in general one encoun-
ters light-surfaces before one reaches the rotation axis.
Thus, one can possibly have a different solution patch on
the other side of the light surface, with matching bound-
ary conditions that do not generate a singular behavior
of Ω on the axis. To analyze this further, one needs to
use a matched asymptotic expansion technique [29].
The novel near-NHEK attractor (20) describes the uni-
versal FF magnetosphere around highly spinning black
holes in the near-horizon region. The perturbation
scheme introduced in this letter for the NHEK attrac-
tor (8) can also be used to perturb away from the near-
NHEK attractor (20). The advantage of this program is
provided by the richer structure of the near-NHEK ge-
ometry, which allows for two expansions - one around
the horizon and the other away from the extreme spin
regime. This can potentially provide a more accurate
magnetically-dominated magnetosphere for highly spin-
ning black holes than with the NHEK procedure.
Finally, we remark that with our new approach
for finding magnetically-dominated magnetospheres for
highly spinning black holes, one can presumably calcu-
late the jet power output and study the related energy
extraction mechanism from highly spinning black holes,
which is relevant for models of astrophysical jets.
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